An analytical framework is developed for the vibration analysis of annular sector plates with general elastic restraints along each edge of plates. Regardless of boundary conditions, the displacement solution is invariably expressed as a new form of trigonometric expansion with accelerated convergence. The expansion coefficients are treated as the generalized coordinates and determined using the Rayleigh-Ritz technique. This work allows a capability of modeling annular sector plates under a variety of boundary conditions and changing the boundary conditions as easily as modifying the material properties or dimensions of the plates. Of equal importance, the proposed approach is universally applicable to annular sector plates of any inclusion angles up to 2 . The reliability and accuracy of the current method are adequately validated through numerical examples.
Introduction
Annular sector plates are one of the most important structural components used in industrial applications and civil engineering. The vibrational characteristics of sector plates are thus of great interest to engineers and designers. Although there is a vast pool of studies about vibrations of circular and rectangular plates [1] , relatively few results are reported for annular sector plates.
Over the past decades, vibrations of annular sector plates have been investigated using various analytical or numerical methods, such as the energy method [2] , spline element method [3, 4] , finite element method [5] , integral equation method [6] , and so on [7] . In particular, a general technique was developed by Leissa [1] to obtain exact modal frequencies for plates which are simply supported along the radial edges and have arbitrary boundary conditions at the circumferential edges. This method utilizes the well-known Bessel function solutions for a circular plate by allowing the functions to have noninteger orders. His following work [8] using Ritz method advocated that the use of the ordinary Bessel functions solution is incorrect for solid sector thin plates having simply supported radial edges and sector angle larger than . Liew et al. [9] reviewed many investigations about the vibration of thick plates published before 1993. It is shown that a majority of them are focused on the classical boundary conditions (simply supported, clamped, or free edges). In comparison, other more complicated boundary conditions such as elastic boundary supports are rarely attempted. A closed-form solution is proposed by Kim and Yoo [10] in which the displacements are expressed in terms of trigonometric and exponential functions under the polar coordinate system. Ramakrishnan and Kunukkasseril [11] solved the vibration problem of an annular sector plate with simply supported radial edges and arbitrary conditions along the circumferential edges. Aghdam et al. [12] presented an approximate solution for bending deformation of thin sector plates using extended Kantorovich method in which the fourth-order governing equation is converted into two ordinary differential equations. Employing the pb-2 RayleighRitz method, Xiang et al. [13] tackled the vibration problem of annular sector Mindlin plates. Frequency parameters for annular sector plates with different geometry parameters and boundary conditions were presented. Liu and Chen [14] proposed an axisymmetric finite element for axisymmetric vibration analysis of annular and circular plates. Civalek 2 Shock and Vibration andÜlker [15] utilized harmonic differential quadrature (HDQ) method to study the linear bending characteristics of circular plates. Civalek [16] compared the methods of differential quadrature (DQ) and harmonic differential quadrature (HDQ). These methods were utilized for buckling, bending, and free vibrations of thin isotropic plates. Accurate threedimensional elasticity solutions of annular sector plates are presented under arbitrary boundary conditions by Liew et al. [17] . X. Wang and Y. Wang [18] extended the differential quadrature (DQ) method to analyze the free vibration problem of thin sector plates. Irie et al. [19] investigated the free vibrations of ring-shaped polar-orthotropic sector plates using a spline function as an admissible function for the deflection of the plates. In this approach, the flexural transverse deflection of sector plates is expressed as a series of the products of the deflection functions of a sectorial beam and a circular beam that satisfy the similar type of boundary conditions. Three-dimensional vibrations of annular sector plates with various boundary conditions were studied by Zhou et al. [20] using Chebyshev-Ritz method. Also the solutions of annular sector plates with reentrant angle are presented in Zhou et al. [20] investigation. Baferani et al. [21] presented an analytical solution for the free vibration of functionally graded (FG) thin annular sector plates resting on elastic foundations. The plates are considered to be simply supported along radial edges and arbitrarily supported at the circumferential edges. Mirtalaie and Hajabasi [22] studied the free vibration analysis of functionally graded (FG) thin annular sector plates with DQ method.
It appears that the previous investigations on the annular sector plates are mostly limited to classical edge conditions. It is widely believed that an exact analytical solution is only possible for an annular sector plate which is simply supported along, at least, two radial edges. However, a variety of possible boundary conditions such as elastic restraints are usually encountered in many engineering applications [2, 8, 23] . Moreover, the existing solution procedures are often only customized for a specific kind of boundary conditions and thus typically require constant modifications of the trial functions and corresponding solution procedures to adapt to different boundary conditions. As a result, the use of the existing solution procedures will result in very tedious calculations and will be easily inundated with a variety of possible boundary conditions. Therefore, it is important to develop an analytical method which is capable of universally dealing with annular sector plates subjected to different boundary conditions. In addition, the results of annular sector plates with reentrant angle are scarce.
In this paper, an improved Fourier series method (IFSM) previously proposed for the vibration analysis of beams and plates [24] [25] [26] [27] [28] is extended to annular sector plates under different boundary conditions, including the general elastic restraints. The displacement solution of the annular sector plate, regardless of boundary conditions, is expressed as a new form of trigonometric expansion with accelerated convergence. The reliability and accuracy of the proposed solution technique are validated extensively through numerical examples.
Theoretical Formulations

Basic Equations for an Annular Sector
Plate. An annular sector plate (consisted with two radial and two circumferential edges) and the coordinate systems used in this investigation are shown in Figure 1 . This plate is of constant thickness ℎ, inner radius , outer radius , width of plate in radial direction, and sector angle . The plate geometry and dimensions are defined in a cylindrical coordinate system ( , , ). A local coordinate system ( , , ) is also shown in Figure 1 , which will be used in the analysis. The boundary conditions for the bending motion can be generally specified in terms of two kinds of restraining springs (translational and rotational) along each edge, resulting in four sets of distributed springs of arbitrary stiffness values.
The governing differential equation for the free vibration of an annular sector plate is given by
where
is the flexural displacement, is angular frequency, and = ℎ 3 /(12(1 − 2 )), , and ℎ are the flexural bending rigidity, the mass density, and the thickness of the plate, respectively.
In terms of the flexural displacement, the bending and twisting moments and transverse shearing forces can be expressed as
where is Poisson's ratio. The boundary conditions for an elastically restrained annular sector plate are given as spring constants at = and ( = 0 and ), respectively. All the classical homogeneous boundary conditions can be simply considered as special cases when the spring constants are either extremely large or substantially small. The units for the translational and rotational springs are N/m and Nm/rad, respectively. The solution for the vibration problem of an annular sector plate can be generally written in the forms of Bessel functions [1] :
where ≡ , and are the Bessel functions of the first and second kinds, respectively, and and are modified Bessel functions of the first and second kinds, respectively. The coefficients, , . . . , , * , . . . , * , which determine the shape of a mode, are to be solved from the boundary conditions.
If the boundary conditions are symmetric with respect to one or more diameters of the plate, the terms involving sin are not needed and the solution (4) is simplified to
The characteristic equation is derived by substituting the solution into the boundary conditions and setting the determinant of the resulting coefficient matrix equal to zero. The eigenvalues are obtained as the roots of characteristic equation using an appropriate nonlinear root-searching algorithm. The eigenvalues can also be found approximately since the Bessel functions are tabulated in many mathematical books or handbooks. Regardless of what procedures are adopted, the results are understandably dependent on the specific set of boundary conditions involved. The modal properties for annular plates are comprehensively reviewed in [1] for various boundary conditions or complicating factors. However, annular sector plates are rarely dealt with in the literature. This is evident from the fact that reviewing the vibrations of sector plates occupies only less than two pages in the classical monograph [1] .
An Accelerated Trigonometric Series Representation for the Displacement Function.
In the previous papers [26, 29] , each displacement component of a rectangular plate is expressed as a 2D Fourier cosine series supplemented by eight auxiliary terms, which are introduced to accelerate the convergence of the series expansion. In this study, a similar but much simpler and more concise form of series expansion is employed to expand the flexural displacement of an annular sector plate in local coordinate system ( , , ): (6) where denotes the series expansion coefficients and
The basis function ( ) in the -direction is also given by (7) except for = / . The sine terms in the above equation are introduced to overcome the potential discontinuities, along the edges of the plate, of the displacement function when it is periodically extended and sought in the form of trigonometric series expansion. As a result, the Gibbs effect can be eliminated and the convergence of the series expansion can be substantially improved.
To clarify this point, consider a function ( ) having −1 continuity on the interval [0, ] and the th derivative is absolutely integrable (the th derivative may not exist at 4 Shock and Vibration certain points). Denote the partial sum of the trigonometric series as
It can then be mathematically proven that the series expansion coefficients satisfy
if the negatively indexed coefficients,
More explicitly, the convergence estimate (9) can be expressed as
which means
It is seen that convergence can be drastically improved virtually at no extra cost. It should be pointed out that the convergence rate of the series expansion (8) can be controlled by setting to any appropriate value. In reality, however, the smoothness of the solution required for a given boundary value problem is mathematically dictated by the highest order of derivatives that appeared in the governing differential equation. Take the current plate problem for example. The plate equation demands that the third-order derivatives are continuous and the fourth-order derivatives exist everywhere over the surface area of the plate. Accordingly, one needs to set = 2 in seeking for a strong 3 solution, or = 1 for 1 solution in a weak formulation. Because the smoothness (or, explicitly, the convergence rate) of the current series expansion can be managed, at will, over the solution domain, the unknown series expansion coefficients can be obtained from either a weak or strong formulation. In seeking for a strong form of solution, the series is required to simultaneously satisfy the governing equation and the boundary conditions exactly on a pointwise basis. As a consequence, the expansion coefficients are not totally independent; the negatively indexed coefficients are related to the others via the boundary conditions. In a weak formulation such as the Rayleigh-Ritz technique, however, all the expansion coefficients are considered as the generalized coordinates independent from each other.
The strong and weak solutions are mathematically equivalent if they are constructed with the same degree of smoothness over the solution domain. The Rayleigh-Ritz technique will be adopted in this study since the solution can be obtained much easily. More importantly, such a solution process is more suitable for future modeling of built-up structures.
Final System for an Annular Sector
Plate. For a purely bending plate, the total potential energy can be expressed as
By neglecting rotary inertia, the kinetic energy of the annular sector plate is given by
The potential energies stored in the boundary springs are calculated as
The Lagrangian for the annular sector plate can be generally expressed as
By substituting (6) into (16) and minimizing Lagrangian against all the unknown series expansion coefficients, one is able to obtain a system of linear algebraic equations, in a matrix form, as
where E is a vector which contains all the unknown series expansion coefficients, and K and M are the stiffness and mass matrices, respectively. For conciseness, the detailed Shock and Vibration 5 expressions for the stiffness and mass matrices are not shown here.
The eigenvalues (or natural frequencies) and eigenvectors of annular sector plates can now be easily and directly determined from solving a standard matrix eigenvalue problem (17) . For a given natural frequency, the corresponding eigenvector actually contains the series expansion coefficients which can be used to construct the physical mode shape based on (6) . Although this investigation is focused on the free vibration of an annular sector plate, the response of the annular sector plate to an applied load can be easily considered by simply including the work done by this load in the Lagrangian, eventually leading to a force term on the right side of (17) . Since the displacement is constructed with the same smoothness as required of a strong form of solution, other variables of interest such as shear forces and power flows can be calculated directly, and perhaps more accurately, by applying appropriate mathematical operations to the displacement function.
Result and Discussion
To demonstrate the accuracy and usefulness of the proposed technique, several numerical examples will be presented in 7 this section. First, consider a completely clamped annular sector plate. A clamped B.C. can be viewed as a special case when the stiffness constants for both sets of restraining springs become infinitely large (represented by a very large number, 5.0 × 10 13 , in the numerical calculations). The first six nondimensional frequency parameters, Ω = 2 ( ℎ/ ) 1/2 , are tabulated in Table 1 together with the reference results from [22] and an FEM prediction.
Next, consider an annular sector plate with simply supported radial edges. Three different boundary conditions (free, simply supported, and clamped) are sequentially applied to the circumferential edges. The simply supported condition is simply produced by setting the stiffnesses of the translational and rotational springs to ∞ and 0, respectively, and the free edge condition by setting both stiffnesses to zero. The first six nondimensional frequency parameters are shown in Table 2 . The current results compare well with those taken from [22, 30] .
To illustrate the convergence and numerical stability of the current solution, several sets of results in Tables 1  and 2 are presented for using different truncation numbers: = = 5, 6, 7, . . . , 12. A highly desired convergence 8
Shock and Vibration characteristic is observed in that (a) sufficiently accurate results can be obtained with only a small number of terms in the series expansions and (b) the solution is consistently refined as more terms are included in the expansions. While the convergence of the current solution is mathematically established via (11) and (12), the actual (truncation) error will be case-dependent and cannot be exactly determined a priori. However, this should not constitute a problem in practice because one can always verify the accuracy of the solution by increasing the truncation number until a desired numerical precision is achieved. As a matter of fact, this "quality control" scheme can be easily implemented automatically. In modal analysis, the natural frequencies for higher-order modes tend to converge slower (see Table 1 ). Thus, an adequate truncation number should be dictated by the desired accuracy of the largest natural frequencies of interest. In view of the excellent numerical behavior of the current solution, the truncation numbers will be simply set as = = 12 in the following calculations.
In the very limited existing studies, the sector angles are typically assumed to be less than , as specified in terms of = / being an integer. Although it is not clear whether = inherently constitutes a pivoting point for mathematically solving sector plate problems, it has been a limit practically defining the previous investigations. However, the value of the sector angle appears to have no binding effect on the current solution procedures as described earlier. To verify this statement and illustrate the versatility of the proposed technique, the plates with a full range of sector angles are studied under various restraining conditions. Presented in Table 3 are the first six frequency parameters, Ω = 2 ( ℎ/ ) 1/2 , for annular sector plates ( / = 0.4) which are completely free along all of their edges. Due to a lack of analytical solutions, the numerical results calculated using an FEM (ABAQUS) model are given there for comparison. Since the reference solutions for annular sector plates are not readily available, the plates with other classical boundary conditions are also studied systematically and the corresponding results are listed in Tables 4 and 5 for a range of sector angles up to 2 . Such results can be particularly useful in benchmarking other solution methods. In identifying the boundary conditions, letters C, S, and F have been used to indicate the clamped, simply supported, and free boundary condition along an edge, respectively. Thus, the boundary conditions for a plate are fully specified by using four letters with the first one indicating the B.C. along the first edge, = . The remaining (the second to the fourth) edges are ordered in the counterclockwise direction. In all these cases, the current solutions are adequately validated by the FEM results obtained using ABAQUS models. Also included are the results previously given in [13] for smaller sector angles, = /6 and /2. The mode shapes for the first six modes are plotted in Figure 2 for the fully clamped annular sector plate with cutout ratio / = 0.4 and sector angle = . These modes are verified by the FEM results although they will not be shown here for conciseness. All the above examples involve the classical homogeneous boundary conditions which are viewed as special cases (of elastically restrained edges) when the stiffness constants take extreme values. We now turn to annular sector plates with general elastically restrained edges. First consider an annular sector plate simply supported, but with uniform rotational restraint, along each edge. The first six frequency parameters are presented in Table 6 together with the results calculated using an ABAQUS model. The second example concerns a cantilever annular sector plate (clamped at = 0) with identical elastic restraints at other edges. While the stiffness of the translational springs is fixed to = 10 4 N/m, the rotational springs will be specified to take different stiffness values: = 10 0 , 10 4 , 10 8 , 10 12 Nm/rad. The corresponding frequency parameters are shown in Table 7 . In all the cases, a good agreement is observed between the current solution and the FEM results.
Lastly, consider reentrant annular sector plates ( = 16 /9) elastically restrained along all the four edges. The stiffnesses for the translational and rotational restraints is chosen as = 10 5 N/m and = 10 7 Nm/rad, respectively. The first six frequency parameters are shown in Table 8 for three different cutout ratios. Plotted in Figure 3 are the mode shapes for the plate with / = 0.4.
Conclusions
An analytical method has been presented for the vibration analysis of annular sector plates with general elastic restraints along each edge, which allows treating all the classical homogenous boundary conditions as the special cases when the stiffness for each of the restraining spring is equal to either zero or infinity. Regardless of boundary conditions, the displacement function is invariantly expressed as an improved trigonometric series which converges uniformly at an accelerated rate. Since the displacement solution is constructed to have 3 continuity, the current solution, although sought in a weak form from the Rayleigh-Ritz procedure, is mathematically equivalent to a strong solution which simultaneously satisfies both the governing differential equation and the boundary conditions on a point-wise basis.
The present method provides a unified means for predicting the free vibration characteristics of annular sector plates with a variety of boundary conditions and any sector angles. The efficiency, accuracy, and reliability of the proposed method are fully illustrated for free vibration analysis of annular sector plates with different boundary supports and model parameters such as radius ratio and sector angle. Numerical results obtained by the present approach are in excellent agreement with those available in the literature. Although the stiffness for each restraining spring is here assumed to be uniform, any nonuniform, discrete, or partial stiffness distribution can be readily considered by modifying potential energies accordingly.
